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Nomenclature

A Surface area of the material [mm2]
Ack Cross-sectional area occupied by cak
Atot Surface area of the heat flux sensor [
Av Surface area of the bottom of the via
Awall Cross-sectional area of the glass wal
Bi Biot number [-]
cw Moisture content at the cake [kg wa
c�w Equilibrium moisture content [kg w
CP Heat capacity [kJ/kg/K]
C1 Thermal mass per unit volume in th

Lb þ LckÞ [kJ/m3]
C2 Thermal mass per unit volume in th

� z � Lv) [kJ/m3]
Ea Activation energy [kJ/mol]
k Thermal conductivity [W/m/K]
keff Effective thermal conductivity [W/m
kg Rate constant of the desorption kine
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A B S T R A C T

Currently, there is a lack of robust models for secondary drying with comparable accuracy and flexibility as
primary drying models. In order to better understand heat transfer during secondary drying, sucrose and
mannitol solutions were freeze-dried in vials in a lab-scale lyophilizer under various drying conditions. Sev-
eral distinct thermal characteristics for secondary drying were experimentally observed: (1) the vial heat
transfer coefficient can change significantly between primary and secondary drying due to the change in
water vapor content in the freeze dryer; (2) the thermal mass of the vial plays a major role in determining
the cake temperature as roughly 95% of the heat supplied is absorbed by the vial walls. From a theoretical
perspective, three different models of secondary drying were examined with varying degrees of complexity
(full 3D simulation, 1D-averaged equations, and lumped-capacitance 0D approach). In these models, the
desorption of bound water is treated as a one-way coupling with temperature. It is found that although a
simple lumped-capacitance approach can capture many of the vital features of cake temperature and mois-
ture profile, near quantitative agreement with experiments can be made by employing a 1D-averaged equa-
tion approach, where the effective thermal conductivities of the vial are determined by thermal circuits.

© 2021 American Pharmacists Association. Published by Elsevier Inc. All rights reserved.
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e [mm2]
mm2]
l [mm2]
l (in the z-direction).

ter/kg cake]
ater/kg cake]

e first region (0 � z �

e second region (Lb þ Lck

/K]
tic [1/s]

kg,0 Rate constant at reference temperature Tref [1/s]
Ktot Heat transfer coefficient at the heat flux sensor [W/m2/K]
Kair Heat transfer coefficient of the air at the heat flux sensor

[W/m2/K]
Ktop Heat transfer coefficient at the top of the vial [W/m2/K]
Kv Heat transfer coefficient at the bottom of the vial [W/m2/K]
Kpri
v Vial heat transfer coefficient during primary drying [W/m2/

K]
Ksec
v Vial heat transfer coefficient during secondary drying [W/

m2/K]
Lb Bottom thickness of the vial [mm]
Lck Length of the cake [mm]
Lv Length of vial [mm]
_msub the mass per unit time of water vapor sublimated [g/h]
m1 Fitting parameter for equilibrium moisture content (Eq. 4)

[(kg water/kg cake)0.5/K]
m2 Fitting parameter for equilibrium moisture content (Eq. 4)

[(kg water/kg cake)0.5]
n Normal vector [-]
N Number of the elements used in the simulation [-]
pch Chamber pressure [mTorr]
q Heat flux [W/m2]
qsub Sublimation heat flux [W/m2]
QT Total heat flow [W]
r r-component (radial direction) [mm].
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Rg Natural gas law constant [J/mol/K]
R2 Standard error [-]
t Time [s]
T Temperature [°C]
Tp Temperature of the product (ice or cake) [°C]
Tref Reference temperature for desorption kinetics [K]
Tsh Shelf temperature [°C]
Tsim Temperature of the lyosim [°C]
Ttop Temperature at the top boundary of the vial [°C]
V Volume [mm3]
Vv Volume of the vial [mm3]
z z-component (vertical direction) [mm]

Greek letter
a Index of the materials [-]
g Index of the materials [-]
Dcw Change in moisture content of the cake [kg water/kg

solid]
DHsub Enthalphy of sublimation [kJ/kg]
DHv Latent heat of water desorption [kJ/kg]
Dt Time interval during drying process [h]
Dts Time step [min]
<DT> Average temperature difference between shelf and

product during time interval [°C]
Dx Mesh size of the intermediate fidelity model [mm]
r Density [kg/m3]

Subscript
air Air
ck Cake
glass Glass
ice Ice
1 First region (0 � z � Lb þ LckÞ for the intermediate

fidelity model
2 Second region (Lb þ Lck � z � Lv) for the intermediate

fidelity model
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Introduction

Freeze-drying or lyophilization is widely used for the long-term pres-
ervation of biological materials and pharmaceuticals such as proteins,
vaccines, antineoplastics, peptide hormones, and high-quality foods.1,2

This process has been broadly adopted because lyophilization is an effec-
tive way of dryingmaterials without harming their quality including bio-
logical, nutritional, and organoleptic properties. During lyophilization,
the product is dried by freezing the material and promoting the direct
transition of the solvent (typically water) from a solid phase to the gas
phase without passing through the liquid phase.3 Because this process
avoids high temperatures, it is found that chemical decomposition or
denaturation is minimized, especially when the heat sensitive material is
dissolved in the solution. In addition, the lyophilized product can be
quickly reconstituted with water because the product has an intercon-
nected porous structure with a high specific surface area.4,5

However, one disadvantage of lyophilization is that it is an
energy- and time-consuming process. Many biological products such
as proteins, liposomes, and vaccines can also be damaged by freeze-
drying if one does not consider the thermal properties of these mate-
rials. In addition, the manufacturing cost of final product directly
depends on optimization and selection of design space in the lyophi-
lization process.6,7 In current practice in lyophilization, the setpoint
values are chosen conservatively which leads to an energy efficiency
of less than 5% for the cycle.7 The entire freeze-drying process could
take days or even weeks to finish when these input conditions are
not optimized.2,8 From these reasons, it is currently limited to high-
added-value products.
To overcome these limitations, a lot of research was devoted to
the optimization of lyophilization based on mathematical modeling.
Lyophilization consists of three steps − freezing, primary drying (i.e.,
sublimation of ice), and secondary drying (i.e., removal of bound
water). Of the three steps, primary drying is relatively well under-
stood since this process is usually the longest part of the cycle9 and
its optimization reduces the operation time resulting in a faster
throughput for a given freeze dryer.6 Existing research has explored
how operating conditions and material properties of the excipient
affect the drying time and cake temperature.10−13 Pikal and cow-
orkers in particular studied how to identify the end point of the pri-
mary drying process.14−16 Two-dimensional theoretical models were
developed to get information not easy to obtain from experiments
and to suggest the design of a freeze-drying process.17−24 In these
models, heat and mass transfer equations were solved in the frozen
and dried regions of the cake along with boundary conditions at the
sublimation front. Shivkumar et al. (2019) proposed a simple lyophi-
lization calculator for the freezing and primary drying steps, to be
used as a primary drying design-space generator and as a process
optimizer.7

The last step of freeze-drying − the secondary drying stage − is
also important in improving drying efficiency because this process
takes »10−20% of the total drying time and 12−20% of the opera-
tional cost.25 In this stage, the porous cake is heated for more than 3
−25 h to remove any bound water remaining in the sample and get
the final moisture to a desired range of 1 wt% or below.26 Therefore,
special attention has been paid to the development and optimization
of the final drying step as well in the production technology for
lyophilization.

Several studies have contributed to understanding the rate-limit-
ing mechanisms of water desorption .18,27,28 Impacts on the second-
ary drying kinetics were described as a function of temperature,
chamber pressure, and partial pressure of water vapor.27,29 Real-time
measurements of chamber pressure, mass flux, mass balance, and
heat flux were adopted to monitor the desorption kinetics and under-
stand the drying process.30−36 These measurements of desorption
kinetics are coupled with a desorption model and fitted parameters
to match the rate of mass change over time. Based on the amount of
residual water at the end of the primary drying process, the evolution
of moisture content in the product during secondary drying and the
drying time required to achieve the target moisture content can be
estimated.

Meanwhile, modeling of secondary drying has been improved
based on experimental approaches in the recent decade. Experiment-
based models were empirically optimized using many experiments
with a variety of temperature regimes and changes of other parame-
ters.33,37−39 In modeling, it is generally assumed that the domain of
interest and the heat transfer parameters will be the same as those in
the primary drying process. We will show in this paper that these
assumptions may become invalid and could be a reason why there is
a lack of robust models for secondary drying with comparable accu-
racy and flexibility as primary drying models. Studies clarifying the
uncertainties in the secondary drying process will be vital to quanti-
tative understanding and optimization of secondary drying in lyo-
philizers.

Outline

In this paper, we perform a set of detailed experiments to gain a
better understanding of the heat transfer during secondary drying for
pharmaceutical applications. These experiments are accompanied by
several mathematical models of various degrees of complexity, in
order to access which approaches are most viable for a practical and
accurate representation of temperature profile and moisture content.
The aim in this paper is to illuminate the several important
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observations that will be helpful for future investigations of second-
ary drying. The main findings observed are:

1. The thermal mass of the container such as vial, syringe, and drug-
device cartridge plays an outsized role in determining the temper-
ature of the cake during secondary drying. If one performs a sim-
ple order-of-magnitude analysis for a glass vial, one sees that the
vial walls absorb up to 95% of the heat supplied during secondary
drying. Thus, the thermal properties of the cake (e.g., heat capacity
and thermal conductivity) and the latent heat from bound water
desorption do not appreciably affect the cake’s temperature pro-
file for the typical fill volumes used in pharmaceutical applications
(»2 mL).

2. The heat transfer coefficient from the shelf to the vial is signifi-
cantly different (»50% lower) during secondary drying than the
values reported in the literature for primary drying, possibly due
to the change in water vapor content in the freeze dryer. These
updated heat transfer coefficients are necessary in order to model
the heat transfer quantitatively without fitting parameters.

3. From a modeling standpoint, the temperature and moisture con-
tent in the cake can be described via one-way coupling, where the
moisture content does not alter the cake’s temperature profile. A
simple, 0D lumped-capacitance approach can capture many of the
trends for the temperature profile over time, but the temperature
is over-estimated compared to experiments. One can obtain near
quantitative agreement with experiments by employing a 1D-
averaged equation approach, where the effective thermal conduc-
tivities of the lumped vial plus cake are determined by a thermal
circuit analysis.

We hope that this paper will help eliminate some of the uncer-
tainties associated with heat transfer modeling for secondary drying.
In Section 3, we describe the freeze-drying setup as well as the exci-
pients and drying conditions studied. In Section 4, we perform an
order-of-magnitude analysis to determine the major factors
Fig. 1. Schematic diagram of
governing heat transfer in secondary drying, and obtain experimental
measurements of heat transfer coefficients. Section 5 goes over the
three mathematical models developed, and Section 6 compares the
models to experimental measurements of cake temperature and
moisture content. Conclusions follow in Section 7.

Materials and Methods

Materials

In this study, 5 wt% sugar is dissolved in deionized water. Here,
we select sucrose (Sigma-Aldrich, St. Louis, MO) and mannitol (Pfan-
stiehl Inc., Waukegan, IL) as excipients. The vials used for lyophiliza-
tion are Fiolax Clear 6R Vials (SCHOTT, Mullheim, Germany) with 3D
printed lyophilization stoppers.

Freeze-Drying

We use the laboratory-scale freeze-dryer MicroFD (Millrock Tech-
nology, Kingston, NY) for our experiments as schematically described
in Fig. 1. The shelf of the freeze-dryer is fully loaded with nineteen 6R
vials, and each vial is filled with 2 mL of 5 wt% excipient (sucrose or
mannitol) solution. It is common to use a low coefficient of fullness
for pharmaceuticals in order to achieve a reasonable drying time, and
a fill volume of 2 mL in a 6R vial is a standard choice.7,22,40

During the steps of freezing, primary drying, and secondary dry-
ing, we control the shelf temperature (Tsh) and the chamber pressure
(pch) of the freeze-dryer. We record the product temperature (Tp) in
the central vial using a specially-made probe placed at the center of
the sugar solution/cake. We also record the energy transferred to the
vials using a heat flux sensor located underneath the vials. The idea
of using heat flux sensors to track energy flow during freeze drying is
a relatively new technology in the pharmaceutical space − an excel-
lent discussion of this technology is in .36,41 Lastly, to ensure homoge-
neity in heating all the vials in the chamber, we control the
the freeze dryer system.



Fig. 2. Typical (a) temperature and (b) pressure profiles versus time for 5% wt sucrose
during primary and secondary drying. The vertical, dotted line signifies the end of pri-
mary drying, which occurs when the Pirani gauge pressure matches the capacitance
manometer pressure.
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temperature of the outer aluminum blocks that make direct contact
with the outer vials (Tsim, see Fig. 1). We set the temperature of the
outer blocks equal to that of the measured product temperature (Tsim

¼ Tp). The details on how we perform this temperature matching
procedure are mentioned in the supporting information. Figs. S1 and
S2 in the supporting information show that the measured tempera-
ture difference between the aluminum block and the product tem-
perature is small, and hence the heat transfer from the shelf to each
vial is uniformly distributed in the lyophilizer under this experimen-
tal setup.

The shelf temperatures and chamber pressures during freeze-dry-
ing are as follows. For freezing, we ramp the shelf temperature Tsh

from room temperature to �40°C at a rate of �1°C/min and hold the
temperature for 1 hour at -40°C at a chamber pressure of pch ¼ 110
mTorr. After freezing, primary drying is carried out by ramping the
temperature to Tsh ¼�20°C at a rate of 1°C/min, and then maintain-
ing the temperature at Tsh = -20°C for 30 hours with the chamber
pressure at pch ¼ 100 mTorr. To verify that primary drying has com-
pleted, we measure the pressure using a Pirani gauge and a capaci-
tance manometer (CM), and use the well-known fact that the
difference between these two measurements indicate the presence
of water vapor and hence sublimation.15 During secondary drying,
the shelf temperature is ramped from Tsh ¼ �20°C to a final tempera-
ture Tsh = 15 to 35°C at a rate of 1°C/min, and the final temperature is
held for 6 hours at a chamber pressure 100 mTorr. After secondary
drying, the moisture content of the sample is determined (see Sec-
tion 3.3).

One special note that we would like to make is that during our
measurements, the cake temperature measured during freeze drying
will not necessarily match the shelf temperature at steady-state since
the temperature in the freeze-dryer’s air chamber is different than the
shelf temperature due to energy transfer from a pressure control valve
(at Ttop »30°C) and small amounts of air being injected from the out-
side to control the chamber pressure. This effect is negligible in large-
scale freeze dryers, but is important for smaller scale freeze dryers. It
will result in heat transfer to the top of the vial, which will be esti-
mated as a heat transfer coefficient. More details are in Section 4.3.

Equilibrium Moisture Content

Residual moisture quantification was carried out with the Compu-
trac Vapor Pro� XL (AMETEK BrookField, Middleborough, MA) as an
alternative to Karl Fischer titration method.42 The device heats up the
injected vial and the moisture is driven off and measured by a cali-
brated relative humidity sensor. Five vials per each case were ran-
domly selected after end of the secondary drying process to measure
the equilibrium moisture content of the cake. Fig. S3 in the support-
ing information shows that the moisture content during secondary
drying does not depend on vial’s location in the chamber, indicating
that the chamber’s heating is homogenous.

Experimental Results

Observations and Order-of-Magnitude Analysis

Fig. 2a shows a typical temperature profile versus time for 5% wt
sucrose during primary and secondary drying. The vertical, dotted
line signifies the end of primary drying, which occurs when the Pirani
gauge pressure matches the capacitance manometer pressure
(Fig. 2b). At this point, the measured moisture content of the cake is
4.1% water by mass. Using this experimental information and the
reported thermal properties of the vial, air, frozen solution (ice), and
cake (Table 1), we can provide an order-of-magnitude estimate for
how much energy is consumed by various processes during primary
and secondary drying (Table 2). Overall, Table 2 shows that the
majority of energy supplied during primary drying is used to subli-
mate the ice. However, this picture looks quite different during sec-
ondary drying. In secondary drying, »95% of the supplied energy
heats the glass walls of the vial rather than heating the cake or
desorbing bound water. One will obtain similar estimates if one
examines other data in the literature with similar fill volumes.7,43

What this analysis indicates is that secondary drying is an incredi-
bly inefficient process, since a small fraction of the supplied heat is
actually used to desorb water. It also indicates that the thermal mass
of the vial plays an outsized role in determining the temperature pro-
file of the cake, and that the thermal properties of the cake and the
desorption of bound water have a minimal effect on the cake’s tem-
perature. Fig. 3 shows the temperature profile for mannitol and
sucrose during secondary drying at different shelf temperatures
(15oC � Tsh � 35oC). The temperature profiles of the two excipients
are indistinguishable even though they have different thermal prop-
erties and that the sucrose cake shrinks and partially loses contact
with the glass wall.44,45 This is strong evidence that the cake’s ther-
mal properties play a minor role in the overall heat transfer.

Another point that this analysis suggests is that the heat transfer
coefficient between the shelf and vial bottom may exhibit significant
differences during primary and secondary drying. If we use the data
from Fig. 2 that primary drying takes Dt � 10 hours and secondary
drying takes Dt � 2:5 hours, the heat transferred per unit time per
unit area to the vial bottom is roughly Kv � QT

hTsh�Tp i Av � 16:0 W=ðm2

�KÞ for primary drying, and Kv � QT

hTsh�Tp i Av � 9:8 W=ðm2 � KÞ for
secondary drying, where Av ¼ 3:80 � 10�4 m2 is the area of the vial
bottom and Tsh � Tp is the average difference between the shelf and
product temperature during the time period. These expressions
assume that the product temperature is similar to the temperature at
the bottom of the vial (i.e., Tp � Tv). The next subsection (Section 4.2)
will discuss this point in more detail and provide precise experimen-
tal measurements of the heat transfer coefficients.

Measurement of Heat Transfer Coefficients at Bottom of Vial

Comment on Different Types of Heat Transfer Coefficients
The heat transfer coefficient between the shelf and the vial bot-

tom is equal to the heat flux applied to the vial divided by the tem-
perature difference between the shelf and vial bottom:
Kv ¼ qvial=ðTsh � TvÞ. In this manuscript, the temperature probe is not
located at the vial bottom but rather in the middle of the product.



Table 2
Order-of-magnitude estimate for how much energy is consumed by various processes
during primary and secondary drying from experimental observations of 2 mL of 5
wt% sucrose (see Fig. 2a). Time intervals used for the analysis are 0 < t < 10 hr for pri-
mary drying and 0.5 < t < 3 hr for secondary drying, respectively. Parameters used in
energy budget analysis are listed in Table 1. It is assumed that the initial and final mois-
ture content of the cake are 4.08 wt% and 1.48 wt% during the time interval of second-
ary drying based on Eq. 2 in Section 4.4 using the experimental temperature profile.
The temperature change (DT) during primary drying and secondary drying is 5.0°C
and 29.2°C, respectively. It is also assumed that the temperature of the ice (or cake)
has the same temperature as the surroundings (vial or air).

Energy [J]

Category of the
energy consumption

Primary drying
(0 h < t <10 h)

Secondary drying
(0.5 h < t < 3 h)

Glass vial: rglass Cp;glass V vDTglass 32.5 1.90 £ 102 (95%)
Ice: riceCp;ice V ice DTice 41.9 N/A
Cake: rckCp;ck VckDTck N/A 2.70
Air: rairCp;air Vair DTair 5.58 £ 10�4 3.69 £ 10�2

Sublimation of ice: msub DHsub 3.15 £ 103 (98%) N/A
Water desorption: DcwrckVckDHv N/A 6.49
Total: QT 3.22 £ 103 1.99 £ 102

Table 1
Material properties and model parameters used in theoretical models.

Materials

Parameter Vial (Glass) Air Frozen solution Cake (Sucrose) Cake (Mannitol)

r [kg/m3] 2.20 £ 103 1.57 £ 10�4 918 91.2 44.2
CP [kJ/kg/K] 0.84 1.00 2.05 1.00 1.72a

k [W/m/K] 1.20 0.026 2.22 0.0282
b

0.0277
c

A [mm2] 3.80 £ 102 3.14 £ 102 2.16 £ 102 3.14 £ 102

L [mm] 7.0 4.9 7.0
V [mm3] 3490.3 8704.4 2152.3 1017.6 2152.3
Ea [kJ/mol] 8.31a 13.42

d

kg,0 [1/s] 2.0 £ 10�4 2.0 £ 10�4

DHsub [kJ/kg] 2834.6*
DHv [kJ/kg] 2499.6a 2840.2

b

a Pikal et al. (2005)22
b Ravnik et al. (2018)40
c Mascarenhas et al. (1997)20
d Oddone et al. (2017)35
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Thus, this paper measures the effective heat transfer coefficient
between the shelf and the product: Keff

v ¼ qvial=ðTsh � TpÞ. The two
heat transfer coefficients can be considered equal when there is neg-
ligible temperature difference between the vial and the product (i.e., j
Tp � Tvj � jTv � Tshj) − in other words, the Biot number based on
the product half-thickness is negligible: Biprod ¼ Rprod=Rshelf <0:1,
where Rprod is the thermal resistance in the lower half of the product
Fig. 3. Comparison of measured product temperature profiles during secondary drying of an
temperature during secondary drying process is (a) 15°C, (b) 25°C, and (c) 35°C.
and Rshelf is the resistance from the shelf to the vial. In the supporting
information, we show that the Biot number is less than 0.1 for the fill
volumes used during primary and secondary drying, and that the
measured temperature difference between the product and vial is
less than 0.7°C during the freeze drying cycle except the case when
Tp measures temperature at the cake but sublimation is still in prog-
ress (Figures S4-S5 in Supporting Info). Therefore, the heat transfer
coefficient between shelf and product in this paper can be regarded
as the vial heat transfer coefficient.
Experimental Measurements Via Heat Flux Sensor
This section performs measurements of the vial heat transfer

coefficient Kv by placing temperature probes on the shelf and in
the center of the cake, as well as a heat flux sensor underneath sev-
eral vials as described in Fig. 1. Below lists the experimental proce-
dure to determine Kv and the results for primary and secondary
drying.

Fig. 4a shows the temperature profile over time for the shelf and
cake during primary and secondary drying, and Fig. 4b shows the cor-
responding measurements of heat flux (q) versus temperature differ-
ence ðTsh � TpÞ between the shelf and cake. The graphs are labelled
by six distinct regions. Region 1 occurs during the ramping stage of
primary drying (0 < t < 0.33 hr) where the shelf temperature
increases from the freezing temperature Tsh ¼ � 40oC to the pri-
mary drying temperature Tsh ¼ �20oC. The second region occurs dur-
ing the sublimation stage where the shelf temperature and cake
temperatures are relatively constant. The third stage shows the tran-
sition from ice to cake at the observation point when sublimation
front passes the thermocouple. The fourth stage is the end stage of
aqueous solution containing 5 w/v% sucrose (red) and 5 w/v% mannitol (blue). The shelf



Fig. 4. (a) The temperature profile over time for the shelf and cake during primary and secondary drying with 6 distinct regions, (b) measurements of heat flux versus temperature
difference (Tsh � Tp) between the shelf and cake during primary and secondary drying, and (c) the vial heat transfer coefficients measured during primary drying (region 1-2 in
Fig. 4a-b) and secondary drying (regions 5-6 in Fig. 4a-b) for sucrose (red), mannitol (blue), and empty vial (green) and different final shelf temperatures at the end of secondary dry-
ing (Tsh = 5, 15, 25, and 35°C).
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primary drying, where most sublimation has finished and the cake tem-
perature increases. The fifth and sixth stages indicate secondary drying.
The fifth stage is when the shelf temperature ramps up during second-
ary drying, while the sixth stage is when the shelf temperature is con-
stant. Typically, primary drying heat transfer coefficients are measured
during the first and second stage (0 < t < 10 h) where the heat flux ver-
sus temperature difference has a constant slope. We see that the heat
transfer characteristics during secondary drying (stages 5−6) are con-
siderably different from that during primary drying (stage 1−2).

To estimate the vial heat transfer coefficient Kv, we first define the
overall heat transfer coefficient of the sensor Ktot as the ratio of the
measured heat flux and the temperature difference from Fig. 4b: i.e.,
Ktot ¼ q=ðTsh � TpÞ. We note that this heat transfer coefficient con-
tains contributions from the vial and the air since the sensor is par-
tially occupied by hexagonal array of vials (7 vials in total). The
overall heat transfer coefficient for single vial, Kv, is related to Ktot by
KtotAtot ¼ NvKvAvþ Kair ðAtot � NvAvÞ, where Atot is the area of the sen-
sor, Av is the area occupied by the bottom of a single vial, Nv is the
number of vials on the heat flux sensor based on hexagonal pack-
ing,41 and Kair is the heat transfer coefficient to the air which was
determined by a separate measurement without the vials in place.
Further details of this process are found in the supporting informa-
tion (Figs. S6 and S7).
Fig. 4c shows the vial heat transfer coefficients measured during
primary drying (region 1−2 in Fig. 4a-b) and secondary drying (regions
5−6 in Fig. 4a-b) for different excipients (sucrose and mannitol) and
different final shelf temperatures at the end of secondary drying (15°C
≤ Tsh ≤ 35°C). The measurements do not vary considerably depending
on the shelf temperature and excipient. Furthermore, the values
obtained are consistent with prior methods of measuring heat transfer
coefficients in the literature. The vial heat transfer coefficient during
primary drying is Kpri

v ¼ 15:01 § 3:20 W=ðm2 KÞ and it is comparable
to measurements of Kpri

v ¼ 15:09 §2:01 W=ðm2 KÞ by Pikal (1985)17

and Kpri
v ¼ 15:06 W=ðm2 KÞ by Shivkumar et al. (2019)7 within 0.5%

error for a 6R vials at 100 mTorr chamber pressure. In those papers, a
heat flux sensor was not available, and the heat transfer coefficient
was instead estimated from a gravimetric analysis as Kpri

v � qsub 1
Tsh�Tv

¼
m
:

subDHsub

Av

1
Tsh�Tv

, where qsub is the sublimation heat flux, m:
sub is the mass

per unit time of water vapor sublimated, DHsub is the enthalpy per
unit mass for sublimation, Av is the area of the bottom vial, and Tsh �
Tv is the temperature difference between the shelf and the bottom of
the vial.

The measured heat transfer coefficient for secondary drying is
Ksec
v ¼ 6:97 §2:07 W=ðm2 KÞ for a 6R vial at 100 mTorr chamber

pressure, which is a factor of »2 smaller than the reported values
during the initial stages of primary drying. A possible reason for



Fig. 5. Equilibrium temperature of the cake (red: sucrose, blue: mannitol) depending
on the shelf temperature.

Fig. 6. Relationship between the root of equilibrium residual water content, square
root of c�w , and the equilibrium product temperature of an aqueous solution containing
5 w/v% sugar (sucrose (rectangular) and mannitol (circle)) during secondary drying.
The fit for sucrose is

ffiffiffiffiffi
c�w

p ¼ m1T þ m2 with m1 = −0.00308 (kg water/kg cake)0.5/K and
m2 = 0.17423 (kg water/kg cake)0.5 (standard error R2 = 0.9771). For mannitol, the fit is
m1 = 0, m2 = 0.0401 kg water/kg cake for T < 14:3o

C and m1 = −0.00918 (kg water/kg
cake)0.5/K, m2 = 0.33215 (kg water/kg cake)0.5 for T � 14:3o

C (R2 = 0.97708).
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this observation is that water vapor is present during primary dry-
ing, which alters the conductivity of gas between the vial bottom
and shelf and also alters the flow rate in the chamber due to subli-
mation. We note that if one performs a heat transfer coefficient
measurement on empty vials in a dry chamber, one obtains the
same value as in secondary drying (Fig. 4c). Additional measure-
ments are shown in Fig. S8 in the supporting information. All this
data seem to indicate that the vial heat transfer coefficient is dif-
ferent during secondary drying, at least for the small-scale equip-
ment used in this study. It is noted that knowing this value is vital
for accurate modeling of freeze-drying.

Measurement of Heat Transfer Coefficient at Top of Vial

As mentioned previously in Section 3.2, the temperature in the
freeze-dryer’s air chamber is different than the shelf temperature
due to energy transfer from a valve (at Ttop � 30oC) and small
amounts of air being injected from the outside to control the chamber
pressure. This phenomenon results in additional heat transfer to the
top of the vial, which is generally negligible for large-scale freeze dry-
ers but must be considered for laboratory-scale freeze dryers for
accurate heat transfer modeling. To determine the effective heat
transfer coefficient Ktop from this effect, we record the steady-state
cake temperature Tp just before the start of secondary drying (i.e.,
end of region 4 in Fig. 4b) and at end of secondary drying (i.e., end of
region 6 in Fig. 4b), and plot these temperatures as a function of the
shelf temperature Tsh in Fig. 5. By performing a steady macroscopic
energy balance on the vial, we determine Ktop by solving:

KtopAv Tp � Ttop

� � ¼ Ksec
v Av Tsh � Tp

� � ð1Þ
where Ksec

v ¼ 6:97 W=ðm2 KÞ is the vial heat transfer coefficient for
secondary drying. From Fig. 5, we see that the vial temperature is the
same as the shelf temperature when T ¼ 30oC, which indicates that
Ttop ¼ 30oC. Performing the best fit on the data yields Ktop ¼ 1:65
W=ðm2 KÞ. We will use this heat transfer coefficient in our modeling,
although we note that the exact value of this coefficient doesn’t change
the qualitative conclusions discussed in this manuscript.

Equilibrium Moisture Content

The desorption of bound water is typically described by a kinetic
equation that relates the moisture content in the cake (in percentage
weight) to its equilibrium moisture content at the given temperature
and pressure. The most commonly cited expression takes the form:

@cw

@t
¼ �kg cw � c�w

� � ð2Þ

where cw is moisture content (measured in % weight in the cake), kg
represents the rate constant of the desorption kinetics, and c�w is the
equilibrium moisture content. As reported in literature,22,33,34,38 kg

exhibits Arrhenius temperature dependence according to

kg ¼ kg;0 exp �Ea

Rg

1
T
� 1
Tref

� �� �
ð3Þ

where Ea is the activation energy for water diffusion through the solid,
Rg is the natural gas law constant, and kg,0 is the rate constant at refer-
ence temperature Tref . In this paper, we will use this desorption
expression (Eq. 2) in our heat and mass transfer analysis for secondary
drying in Section 5. We will measure the equilibrium moisture content
c�w for sucrose and mannitol and use the cited values for the kinetic
constants kg;0 and Ea (see Table 1). We will show that precise values of
c�w; kg;0, and Ea will not affect heat transfer appreciably - in other
words, mass transfer can be considered as one-way coupling.

Fig. 6 shows the moisture content data in the range of �12oC� T�
40oC for 5% wt sucrose and 5% wt mannitol. For sucrose, the
equilibrium moisture content appears to satisfy the relationshipffiffiffiffiffi
c�w

p ¼ m1T þ m2 ð4Þ
which agrees with previous data published by Kodama et al. (2014).37

For mannitol, the moisture content exhibits two regimes. In the first
regime (T < 14:3oC), the equilibrium moisture content appears
independent of temperature while for T � 14:3oC it exhibits the
same scaling

ffiffiffiffiffi
c�w

p ¼ m1T þ m2 as sucrose.
Modeling of Secondary Drying

Secondary drying is the stage of the freeze-drying cycle that
immediately follows primary drying. It results from bound water
desorbing from a porous cake, which is described by simultaneous
heat and mass transfer equations. A schematic of the freeze-drying
geometry is shown in Fig. 7. The vial is included in the domain
because it contributes significantly to heat transfer.43,46 Generally,
heat is transferred to the vial from the bottom, side, or top. From the
vial bottom, heat enters by conduction through direct contact with



Fig. 7. System definition of each theoretical models. (a) high fidelity (HF) model, (b) low fidelity (LF) model based on 0D lumped capacitance approximation, and (c) intermediate
fidelity (IF) model based on 1D averaged equations using thermal circuits.
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the shelf, conduction through the gas phase between the shelf and
the vial, and radiation. These effects are lumped into an effective heat
transfer coefficient Ksec

v that was determined for secondary drying
(Section 4.2). From the side, heat enters the vial either from vial-vial
contacts or radiation from the chamber wall. In this study, the central
vial of the shelf is completely surrounded by vials in a hexagonal
array, and the aluminum blocks surrounding the vials mimic the tem-
perature of the central vial’s cake. Thus, heat transfer from the side is
minimized and is expected to play a minimal role in the temperature
profile. Lastly, heat transfer to the top of the vial occurs from radia-
tion and contact with the chamber air. This again is determined by a
lumped heat transfer coefficient Ktop and will significantly affect the
vial temperature if the lyophilizer has a small chamber volume (Sec-
tion 4.3).

With the aforementioned boundary conditions, our secondary
drying theories will consist a high fidelity model, a low fidelity model,
and intermediate one with varying degrees of complexity depending
on the application of interest. The high fidelity model solves the 3D
temperature profile of the entire vial and the moisture content in the
cake, whereas the low fidelity model examines the average tempera-
ture and moisture content in the cake via a lumped-capacitance argu-
ment. The intermediate model performs averages in the radial
direction and obtains a one-dimensional equation for the tempera-
ture and moisture content. The concept of thermal circuits is used to
obtain the effective thermal conductivity of system. Each model is
given below.
High fidelity Model − Full 3D Simulation

We determine temperature of the cake, air, and vial by solving the
full, three-dimensional energy and mass balance for the vial geometry
shown in Fig. 7a. The heat and mass transfer equations are discretized
by the finite element method and solved in COMSOL. Each element
in the simulation is assigned different physical properties (e.g.,
density, heat capacity, conductivity) depending on whether the ele-
ment corresponds to the cake, air, or glass. The number of elements
used in the simulation is N ¼ 97,492, and the time step is Dts ¼1 min.
We solve the following energy balance equations:

rckCp;ck
@T

@t
¼ kck r 2T þ rckDHv

@cw

@t
for cakeð Þ; ð5aÞ

riCp;i
@T

@t
¼ ki r 2T i ¼ other materialsð Þ ð5bÞ

In the above equations, subscript i is index of the material (i = air
or glass), with the quantities (ri; Cp;i; ki) being the associated density,
heat capacity, and thermal conductivity. The quantities (rck ; Cp;ck ;

kck) are the density, heat capacity, and thermal conductivity of the
cake. The quantity T is temperature, t is time, DHv is the latent heat
of desorption, and cw is moisture content at the dried cake. For
Eq. (5a), the left hand side represents accumulation of energy, while
the right hand side represents energy transfer from conduction and
desorption. We will find from our simulations that the latent heat



Fig. 8. (a) Temperature and moisture profile predicted from high fidelity model at different snapshots in time (0, 0.5, 1, 3, and 6 hrs into secondary drying). The initial conditions are
the same experimental conditions at the end of primary drying (5 wt% sucrose cake, T = -11°C, cw = 4.1%). (b) Comparison of the average temperature profile in the cake when one
includes the enthalpy of desorption, and when one neglects this term. (c) Contour map of the heat flux with heat flux vectors at time t = 1 hr. The final shelf temperature for
(a)-(c) during secondary drying is 25°C.
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does not contribute much to the overall temperature profile, and thus
in most situations the rightmost term in Eq. (5a) can be neglected.

At the interface between any two materials, we assume continu-
ous temperature and continuous heat flux. The other heat transfer
boundary conditions are:

qbottom ¼ Ksec
v Tsh � Tð Þ at z ¼ 0; ð6aÞ

n ¢ r T ¼ 0 at r ¼ Rv; ð6bÞ

qtop ¼ Ktop Ttop � T
� �

at z ¼ Lv ð6cÞ
In the above equations, qbottom is the heat flux at the bottom, Ksec

v is
heat transfer coefficient at the bottom of the vial for secondary dry-
ing, Tsh is the shelf temperature, T is the temperature of the material,
Ktop is the heat transfer coefficient at the top of the vial, and Ttop is
the temperature at the top of the vial. The parameters Ksec

v , Ktop, and
Ttop were determined experimentally as discussed in Sections 4.2 and
4.3.

The mass transfer equation is the desorption kinetic model (Eq. 2)
discussed in Section 4.4. Because the temperature profile in this
model can vary spatially in the cake, the moisture content in the cake
can vary spatially as well.

Fig. 8a shows typical temperature and moisture profiles predicted
from this model at different snapshots in time. The initial conditions
are the same experimental conditions at the end of primary drying (T
¼ � 11oC; cw ¼ 4:1%). Overall, we see that the temperature profile

varies spatially in the z direction, but does not vary considerably
in the r direction. Fig. 8b shows the average temperature profile in
the cake when one includes the enthalpy of desorption, and when
one does not include this term. The profiles are indistinguishable.
These two observations suggest that one can considerably simplify
our equations by considering one dimensional heat/mass transfer,
and one can neglect the heat of desorption in the energy balance
(thus, the mass balance can be described using one-way coupling).
Lastly, Fig. 8c shows the heat flux vectors at one instant of time in
the simulation (t = 1 hr into secondary drying). We see that the
heat flux is predominantly routed into the glass walls, which is
consistent with our order-of-magnitude analysis stating that very
little heat is consumed by the cake during secondary drying (Sec-
tion 4.1).
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Intermediate Fidelity Model − 1D Averaged Equations

By assuming an axisymmetric geometry and dominant heat trans-
fer only in the z-direction, one can develop an effective, 1D equation
to describe the temperature profile along the vial during secondary
drying. We will split our vial into two regions along the z-direction
(Fig. 7c) − the region containing the cake ð0 � z � Lb þ LckÞ and the
empty part of the vial ðLb þ Lck � z � LvÞ. The effective thermal con-
ductivity of each region will be given by a thermal circuit diagram
(Fig. 7c), and the total thermal mass of each region will be the sum of
the thermal masses of the constitutive parts. We will also neglect the
heat of desorption in the energy balance. The governing energy equa-
tions are

C1
@T1

@t
¼ keff ;1

@2T

@z2
for 0 � z � Lb þ Lck ð7aÞ

C2
@T2

@t
¼ keff ;2

@2T

@z2
for Lb þ Lck � z � Lv ð7bÞ

In the above equations, T1, keff ;1 and C1 are the temperature, effec-
tive conductivity, and thermal mass per unit volume in the first
region (0 � z � Lb þ LckÞ, while T2, keff ;2 and C2 are the corresponding
quantities in the second region (Lb þ Lck � z � Lv). The expressions
for C1 and C2 are:

C1 ¼
X

a2 region 1

raCp;aVa

0
@

1
A=

X
a2 region 1

Va

0
@

1
A ð8aÞ

C2 ¼
X

a2 region 2

raCp;aVa

0
@

1
A=

X
a2 region 2

Va

0
@

1
A ð8bÞ

where a is an index for a material (cake, air, or glass), and ra; Cp;a,
and Va are the density, heat capacity, and volume of the material in
the region of interest. The effective thermal conductivities are deter-
mined by the thermal circuit47 in Fig. 7c. Their expressions are :

keff ;1 ¼ Lb þ Lckð Þ kckAck þ kairAair1 þ kglassAwall

� �
kglass

Lb kckAck þ kairAair1 þ kglassAwall

� �þ kglassLckAv

; ð9aÞ

keff ;2 ¼ kairAair2 þ kglassAwall

� �
Av

ð9bÞ

where kair is thermal conductivity of the air, kck is thermal conduc-
tivity of the cake, kglass is thermal conductivity of the glass vial, Av

is the cross-sectional area of the vial, Aair1 is the cross-sectional
area occupied by air at region 1, Aair2 is the cross-sectional area
occupied by air at region 2, Ack is the cross-sectional area occupied
by cake, and Awall is the cross-sectional area of the glass wall (in the
z-direction). The heat transfer boundary conditions for Eq. 7 are
expressed as

�keff ;1
@T1
@z

¼ Ksec
v Tsh � T1ð Þ at z ¼ 0 ð10aÞ

�keff ;1
@T1

@z
¼ �keff ;2

@T2

@z
at z ¼ Lb þ Lck ð10bÞ

T1 ¼ T2 at z ¼ Lb þ Lck ð10cÞ

keff ;2
@T2
@z

¼ Ktop Ttop � T2
� �

at z ¼ Lv ð10dÞ

The mass transfer equation is the same as desorption kinetic
model (Eq. 2) discussed in Section 4.4. Because of the one-way
coupling nature of the equations, the desorption kinetics do not
affect the temperature profile, but the temperature profile will
alter the rate of desorption. We solve the temperature equations
(Eq. 7) and the kinetic model (Eq. 2) with specified initial condi-
tions using a finite difference scheme with mesh size Dx1 ¼ ðLb þ
LckÞ=5 and Dx2 ¼ ðLv � Lb � LckÞ=13 and time step Dts ¼ 1 min.
The initial conditions correspond to the temperature and moisture
content of the vials at the end of primary drying in our experi-
ments.

Low Fidelity Model − 0D Lumped Capacitance Model

The low fidelity model assumes uniform temperature through-
out the entire vial and cake. The energy balance consists of
energy accumulation in the entire vial, heat transfer from the
shelf, heat transfer from the top of the vial, and enthalpy from
releasing bound water:

dT

dt

X
g

rgCp;gVg

 !
¼ Ksec

v Av Tsh � Tð Þ þ KtopAv T top � T
� �

þ rckV ckDHv

dcw

dt
; 0< z<Lv ð11Þ

In the above equation, ðPg rgCp;gVgÞ is the thermal mass of the
entire vial (cake, glass, and air), Av is the area of the bottom of the vial,D
Hv is latent heat of desorption, and cw is moisture content at the dried
cake. This model is comparable with the empirical model that was sug-
gested by Pisano et al. (2012) and Kodama et al. (2014).33,37 They
assumed that supplied heat was used to increase and maintain the tem-
perature of the vial, cake, and stopper and they predicted cake tempera-
ture for secondary drying with an empirical heat capacity which was
used as a fitting parameter from a preliminary run.33,37 If one neglects
the heat of desorption on the temperature profile, the above model is
equivalent to a lumped capacitance model.

We note that this lumped capacitance approach should give us a
qualitative picture of how temperature evolves over time, but should
not be expected to be quantitative as the lumped capacitance
assumption is strictly valid for Biot number Bi � Ksec

v Lv
keff

< 0:1, where
keff is the effective thermal conductivity of the entire vial based on
thermal circuits. In general, if one looks at freeze-drying data in the
literature, the Biot number Bi » Oð1Þ in most setups38,40, with the
temperature distribution spatially uniform in the cake but spatially
varying in the vial’s air region due to the air’s higher thermal resis-
tance.

Again, the mass transfer equation is the desorption kinetic model
(Eq. 2) discussed in Section 4.4. Since the temperature is spatially uni-
form, the energy and mass balances simplify to two ordinary differ-
ential equations for temperature and moisture content (T ; cw) in
time. These differential equations are solved with specified initial
conditions using a Runge-Kutta scheme in MATLAB.

Comparison Between Theory and Experiments

The three theoretical models discussed in Section 5 calculate the
cake temperature and moisture content during the secondary drying
process. Fig. 9 compares the temperature predictions for each of
these models with experimental data for different excipients (manni-
tol and sucrose) and different maximum shelf temperatures (15oC �
Tsh � 35oC). Since there is additional heat transfer to the top of the
vial at temperature Ttop � 30oC as discussed previously, the steady
cake temperature at the end of secondary drying will be higher than
the final shelf temperature for Tsh < 30oC (Fig. 9a, b, d, and e), and
lower than the final shelf temperature for Tsh > 30oC (Fig. 9c and f).

The high fidelity model simulates the 3D temperature profile of
the entire vial throughout the secondary drying process by taking
account into the accurate shape of the domain such the air gap at the
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bottom of the vial and geometry of the shrunken cake. Although the
high fidelity model requires longer computation time than that of
other models, it can be used to examine several important parame-
ters that may be difficult to determine in the lyophilizer such as spa-
tial and temporal distribution of the temperature, heat flux, and
Fig. 9. Comparison of the predicted and measured product temperature profiles during sec
mannitol ((d), (e), and (f)). The shelf temperature during secondary drying process is 15°C ((a
sured temperature, Blue: The predicted temperature by high fidelity model (Eq. 5), Green: T
predicted temperature by low fidelity model (Eq. 11). Note that the steady cake tempera
Tsh ¼ 25o

C, and lower than than setpoint for Tsh ¼ 35o
C due to the effect of the additional h
moisture content. It can also be used to determine hot spots in the
cake which exceed the critical temperature of the cake. Overall, the
high fidelity model does a good job quantitatively matching the
experimental data (Fig. 9). Furthermore, if we neglect the desorption
of heat in the heat balance, we get nearly identical results, indicating
ondary drying of an aqueous solution containing 5 w/v% sucrose ((a), (b), and (c)) and
) and (d)), 25°C ((b) and (e)), and 35°C ((c) and (f)). Black: Shelf temperature, Red: Mea-
he predicted temperature by intermediate fidelity model (Eq. 7), and Dark yellow: The
ture at the end of secondary drying will be higher than setpoint for Tsh ¼ 15o

C and
eat transfer at the top of the vial.
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the one-way coupling of heat and mass transfer (Fig. 8b). Lastly, we
show that if we artificially increase the heat capacity of the cake in
our simulations by a factor of ten (Fig. S9 in Supporting Info), the
temperature profile does not change appreciably, which illustrates
the dominant role the vial plays in the heat transfer. If we alter the
thermal properties of the vial by replacing glass with polycarbonate,
we see that secondary drying is accelerated due to the polycarbon-
ate’s lower thermal mass (Fig. S10 in Supporting Info).

A low fidelity model (Eq. 11) roughly captures the experimental
temperature profiles, but it tends to consistently overestimate the
temperature by up to 4.5°C (Fig. 9). The reason for this overprediction
comes from the fact that our system exceeds the criteria for the
lumped capacitance assumption (Bi < 0:1). For example, an effective
thermal conductivity and Biot number of the domain for 5 wt% man-
nitol during secondary drying process is derived as keff ¼ 0:301 W=ð
m KÞ and Bi ¼ 0:927, respectively, based on the thermal resistance
circuit analysis. It means vertical temperature gradients are not negli-
gible in the vial (particularly in the air region above the cake). In
other words, if lumped capacitance model is applied, the temperature
in the cake is overestimated while the temperature at the top of the
vial is underestimated. The heat transfer at the top of the vial is also
larger than the actual system.

The intermediate model solves the one dimensional temperature
profile in the vial and one dimensional moisture content in the cake
assuming the mass and energy balances are averaged in the radial
direction. This model is considerably simpler than the full 3D simu-
lation, yet quantitatively captures the experimental temperature
data for the cake (Fig. 9). We note that it is possible to apply the
intermediate model to various excipients that exhibit cake shrink-
age if appropriate properties of the cake such as the thermal con-
ductivity and cake geometry are implemented. For example, a 5wt%
sucrose cake experimentally shows 17% radial direction shrinkage
and 30% vertical direction shrinkage when compared to frozen solu-
tion. Our model however is able to provide accurate cake tempera-
ture for this material at different shelf temperatures as shown in
Fig. 9d−f. We note because the vial dominates the heat transfer dur-
ing secondary drying, one does not need exact estimates of the cake
shrinkage to model the temperature profile accurately. Fig. S11 in
the supporting information shows that the temperature profiles are
Fig. 10. The effect of temperature profile on the predicted moisture content in the cake
during secondary drying of an aqueous solution containing 5 w/v% sucrose. The maxi-
mum shelf temperature during secondary drying process is Tsh ¼ 25°C. The predicted
moisture content curves are estimated from Eq. 2 with temperatures extracted from
experiment (red dotted curve), high fidelity model (solid blue curve), intermediate
fidelity model (dashed green curve), and low fidelity model (dash-dotted gray curve).
The experimental data for the initial and final moisture content are obtained by Vapor
Pro XL (Pentagon).
somewhat similar if one does not take into account the cake shrink-
age completely.

We lastly like to comment on the mass transfer portion of second-
ary drying. Because the kinetics of bound water desorption is very
sensitive to temperature, the choice of heat transfer modeling will
affect the moisture content in the vial considerably. For example, if
one uses the low fidelity, lumped-capacitance model compared to
the other two models, one will predict a lower moisture content for
the same kinetic parameters (c�w; kg0; Ea) (Fig. 10). Thus, having an
appropriate heat transfer model is critical in eliminating many of the
uncertainties of estimating the kinetic parameters of bound water
desorption.

Conclusions

In the present study, the secondary drying stage of freeze-drying
was studied experimentally by lyophilizing two different excipients
(5% wt mannitol and 5% wt sucrose) under various drying conditions.
For typical low fill volumes used in pharmaceutical applications (1-5
mL), we report two experimental findings:

1. The vial’s thermal mass plays the dominant role in determining
the temperature profile of the dried cake, with »95% of the sup-
plied energy used to heat the glass walls rather than the cake.

2. The vial heat transfer coefficient during secondary drying is
smaller (roughly by a factor of two) than the reported values dur-
ing the initial stages of primary drying, possibly due to the
absence of water vapor which alters the conductivity and flowrate
of the surrounding air.

There are many consequences from these observations. The first
one is that secondary drying is an inherently inefficient process as
very little of the supplied heat is used to desorb bound water. This
observation explains why there is a strong need to develop alterna-
tive heating technologies such as microwave drying48,49 that will spe-
cifically target the bound water rather than the vial wall. Another
consequence is that the thermal properties of the cake play a small
role in determining the overall temperature profile − hence why dif-
ferent excipients have similar temperature profiles. Lastly, up until
this point, it has been assumed in the literature that the heat transfer
coefficients do not change between primary and secondary drying.
By performing novel experiments that measure the temperature pro-
file and heat flux over time, we show that this assumption appears to
be false. This gap in knowledge could play a key role in explaining
why it appeared difficult in prior secondary drying studies to obtain
quantitative agreements between experiments and theories without
introducing ad-hoc fitting parameters.

In the second part of the paper, we performed heat transfer model-
ing and described three possible models to capture secondary drying
depending on the complexity necessary for a given application − a full
3D model (high fidelity model), a 0D lumped capacitance model (low
fidelity model), and a 1D averaged equation approach (intermediate
model). In these models, we used the measured heat transfer coeffi-
cients for secondary drying. Overall, we see that the simplest model −
the 0D lumped capacitance approach − over-predicts the cake’s time-
dependent temperature profile due to the fact that most vials in phar-
maceutical applications have significant thermal gradients (i.e., Bi >

0:1). However, the full 3D simulation and 1D averaged approaches give
nearly quantitative agreement with experiments with zero fitting
parameters. These results seem to suggest in certain situations, second-
ary drying modeling can be simplified considerably by using a 1D aver-
aged equation approach with the correct experimental heat transfer
coefficients for secondary drying. In the 1D averaged approach, the
energy and mass balances in the vial are averaged in the radial direction
and the effective thermal conductivities are determined by a thermal
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circuit analysis. Lastly, we also showed that heat of desorption does not
alter the cake’s temperature, and thus mass transfer can be described by
one-way coupling.

Overall, we hope that this study will illuminate the essential phys-
ics related to secondary drying, and will spur innovation in develop-
ing quantitative models that can be applied to an industrial setting
beyond the traditional trial-and-error approaches. We believe the
intermediate model proposed here has a great potential for the pre-
cise estimation of the cake temperature along with the secondary
drying time. We note that an accurate prediction of the product tem-
perature maximizes the energy transfer and prevents overheating of
the cake, which are both essential to optimization and stability. This
proposed method will help find the optimal conditions for secondary
drying condition under a wide range of process conditions.
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